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Some inequalities associated with the Laplacian for trigonometric polynomials
are given, which will be applied to investigate the behavior in approximation by
trigonometric polynomials in higher dimensions and the best lower and upper
estimates for some linear operators. In particular, we obtain a complete characteri-
zation for the approximation behavior of the classical Jackson operator. Thus the
approximation error of a function by Jackson polynomials is equivalent to a
K-functional defined by the Laplacian.  2001 Academic Press
Key Words: Bernstein inequality; Jackson inequality; Jackson operator; Lapla-
cian; linear operator; K-functional.
1. INTRODUCTION
Let  be the set of trigonometric polynomials of degree  n withn, d
respect to each variable x , i 1, . . . , d. Denote D   x and Di i i
1 d Ž .D  D , where the multiindex   , . . . ,  has nonnegative inte-i d 1 d
 gers  . The length of  is      . Furthermore, denote byi 1 d
Ž d .  L T the L -space of periodic functions with T  , , the usualp p
  Ž d . Ž d .norm  , and 1 p . We identify L T with the space C T ofp, d 
rŽ d .continuous periodic functions. The Sobolev space W T is given byp
r d d  d  W T  f	 L T : D f	 L T ,   r .Ž . Ž . Ž . 4p p p
Ž d .For f	 L T the best approximation constant is defined byp
 E f  inf f T .Ž . p , d p , dn n
T 	n n , d
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Two basic results concerning the best approximation constants in ap-
proximation theory are the so-called Bernstein inequality and the Jackson
inequality.
Roughly speaking, the Bernstein inequality tells us that the increase in
the L -norm of derivatives of polynomials can be estimated by the productp
of the L -norm of the polynomial and the degree of the correspondingp
Ž  .polynomial. For example, there holds see 12
      D T  Cn T , 1 p , T 	  . 1.1Ž .p , d p , dn n n n , d
Using this inequality one can get the smoothness of the function f by the
Ž . Ž  .order of convergence of the sequence of E f see 12 . The aboven p, d
Ž  inequality is generalized with the use of the Laplacian as follows see 16
  .for p  and 17 for 1 p  :
    k sup D T  C n 	 T , 1 p , T 	  . 1.2Ž .p , d p , dn k n n n , d
  2 k1
There is another kind of inequality, which gives information on the
pŽ .conjugate function in the case of dimension d 1. Let for f	 L T the
˜conjugate function f of f be defined by
1 f x t  f x tŽ . Ž .
f˜ x  dtŽ . H2 tan t2Ž .0
Ž  . Ž  .cf. 18 . In the case where 1 p  one has see 18
˜   T  C T , T 	  . 1.3Ž .p , 1 p , 1n p n n n , 1
The above inequality is not true for p 1 and p . In fact, the
Ž following estimate is in general sharp: for p 1 or p  one has see 18,
.p. 12, Vol. II
˜   T  C ln n T , T 	  .p , 1 p , 1n n n n , 1
On the other hand, it is known that for polynomials and their conjugate
Ž  .functions one has the so-called Szego-inequality see 18, p. 12, Vol. II :¨
for all 1 p  there holds
˜   T  Cn T , T 	  .p , 1 p , 1n n n n , 1
To generalize the above inequalities for higher dimensions let L g be thei
˜conjugate function of g with respect to x and D D L . In this way wei i i i
˜ ˜1 d˜define D D  D . With these notations the Szego-inequality in the¨1 d
multivariate case is
˜     D T  C n T , T 	  .p , d p , dn  n n n , d
 In 10 we proved the following.
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THEOREM 1.1. Let 1 p , k	, and the dimension d
 1 be fixed.
Then there exists a positie constant C  0 such that for all 
 0, all n, andk
all T 	  ,n n, d
1
   k˜     sup D D T  C sup D T  
 n 	 T .p , d p , d p , dn k n n2 k2½ 5
    2 k1  2 k1
1.4Ž .
The second basic result is the Jackson inequality. This inequality says
that the best approximation constant can be estimated if the smoothness
of the given function is known. The first result was pointed out by Jackson
Ž  .in 1912 see 7 in the case where d 1 and p . To consider his result
let
sin2 r nt2Ž .
k t    ,Ž .n , r n , r 2 rsin t2Ž .
 where the constant  is such that k  1. Denote the so-called1, 1n, r n, r
Jackson operator by
J f k  f .n , r n , r
Jackson’s result may be formulated as
1
 f J f  C  f , ,p , 1n , 2 2 2 ž /n p
Ž . Žwhere  f ,  is the modulus of smoothness of second order for f see2 p
 . Ž .11 . Hence the best approximation constant E f can be estimated byn p, 1
Ž .   Ž .   Ž . f , 1n . In 8 for r
 3 and 5 for r 2 we proved that there2 p
pŽ .exists a positive constant C  0 such that for all 1 p , all f	 L T ,r
all n
 1, and all r
 2,
1 1
1  C  f ,  f J f  C  f , .p , 1r 2 n , r r 2ž / ž /n np p
After more than 80 years it was shown that approximation of a function f
by Jackson polynomials J f is equivalent to the second-order modulus ofn, r
continuity.
What is the analogy of the above result for the d-dimensional tensor
product of the Jackson operator? Let K be given byn, r
d
K t  k t , t t , . . . , t ,Ž . Ž . Ž .Łn , r n , r i 1 d
i1
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and let T be the corresponding convolution operator with the kerneln, r
K . Among others, we will proven,r
THEOREM 1.2. For fixed d
 1, r
 2, and k
 1 there exists a positie
Ž d .constant C  0 such that for all 1 p , all f	 L T , and allr , d, k p
n
 1,
1 1k1 k k C K f ,  I I f  C K f , , 1.5Ž . Ž .p , dr , d , k 	 n , r r , d , k 	ž / ž /n np , d p , d
kŽ .where K f ,  is the K-functional for f , defined by	 p, d
k   2 k  k K f , t  inf f g  t 	 g ,Ž .  4p , d p , d p , d	
2k dŽ .g	W Tp
where 	 is the Laplacian and I is the identity operator.
For k 1 Theorem 1.2 gives
1 1
1  C K f ,  f I f  C K f , . 1.6Ž .p , dr , d , 1 	 n , r r , d , 1 	ž / ž /n np , d p , d
Ž .Let us observe the definition of the K-functional K f ,  . Thus, if one	 p, d
 Ž   .replaces the Laplacian 	 by D   2 and takes the supremum over all
2Ž . Ž .such  then the corresponding K-functional K f ,  see Section 2 isp, d
equivalent to the modulus of smoothness of second order in dimension d
Ž . Ž .see definition in Section 2 . The upper estimate in 1.6 with this modulus
Ž  .is known see 12 . Later we will see that in general the K-functionals
Ž . 2Ž . Ž .K f ,  and K f ,  are not equivalent. Thus in general K f , 	 p, d p, d 	 p, d
is not equivalent to the modulus of smoothness of second order. There-
Ž .fore, not only the lower estimate in 1.6 but also the upper estimate is
new. Theorem 1.2 will be proved in Section 3. In fact, we will prove a more
Ž .general result see Theorem 3.2 , i.e., a lower and upper estimate for a
large class of operators which is optimal even for each individual function
Ž d .in L T . The interest in the Jackson operator is due to its historicalp
background. In Section 2 we investigate some general properties concern-
ing the approximation by trigonometric polynomials.
2. APPROXIMATION BY TRIGONOMETRIC
POLYNOMIALS
This section is devoted to the investigation of approximation by trigono-
metric polynomials and the lower estimates for linear operators. We begin
with the definition of other K-functionals. We define
k   k   K f , t  inf f g  t sup D g .Ž . p , d p , d p , d½ 5
k dŽ .g	W T   kp
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Ž  .It is known see, e.g., 13 that if 1 p  then
    k sup D g  C 	 g .p , d p , dp , d , k
  2 k
2 kŽ . kŽ .Thus K f , t is equivalent to K f , t . For p 1 or p , how-p, d 	 p, d
 ever, one can use the approach of 13 to show that these K-functionals are
Ž   .not equivalent. In general see 17 for the details we have for some
Ž d .C 0, which does not depend on f	 L T and t, the estimatep
C1K 2 k1 f , t  K k f , t  CK 2 k f , t . 2.1Ž . Ž . Ž . Ž .p , d p , d p , d	
For convenience we shall give a briefly proof of these inequalities by using
of the singular Weierstraß convolution integral. Let us first record some
properties concerning the so-called Weierstraß convolution integral. The
kernel of the singular Weierstraß integral can be written as
2d1 Ý 2 k  xŽ .i1 i i
K x  exp  ,Ž . Ýt d ž /4 t' d2  tŽ . k	
Ž .where k k , . . . , k . Denote1 d
W t f K  f ,Ž . t
 Ž .4 Ž . j Ž .then W t is a semi-group for t 0, i.e. W t fW jt f. The following
Ž  .properties are well-known see 2 :
    dfW t f  Ct 	 f ,  f , 	 f	 L T 2.2Ž . Ž . Ž .p , d p , d p
 and for  
 0
C
 d   D W t f  f ,  f	 L T . 2.3Ž . Ž . Ž . p , d p , d p
2t
 Ž d .Moreover, for f , D f	 L T ,p
       D W t fW t D f , D W t f  C D f .Ž . Ž . Ž . p , d p , d
Furthermore, by Taylor expansion and simple computation one can show
3Ž d .that for g	W Tp
3 2   gW t g  t 	 g  Ct sup D g ,Ž . Ž . p , d p , d
  3
 Ž .  1  Ž . where  t  t, i.e., for some C 0 there holds C t  t  Ct,
and the constant C does not depend on g. It follows from the last estimate
2 k1Ž d .and induction with respect to k that for g	W Tp
2k1k k k 2   IW t g  t 	 g  C t sup D g . 2.4Ž . Ž . Ž .Ž . Ž . p , d p , dk
  2 k1
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Ž .The definition of the K-functional and 2.8 imply
k k d' IW t f  C K f , t ,  f	 L T . 2.5Ž . Ž . Ž .Ž . Ž .p , d p , dk 	 p
Now we are in the position to verify these inequalities.
Ž .Proof of 2.1 . In the following, C or C will always denote positivek
constant, independent of n and p. In each formula the constants may take
a different value. It is clear we need only to prove
K 2 k1 f , t  CK k f , t . 2.6Ž . Ž . Ž .p , d p , d	
Ž Ž Ž ..k .Ž .Let us choose g I IW u f for some u 0. Thus, g	
2 k1Ž d . Ž .W T and by 2.5p
k ' f g  C K f , u .Ž .p , d p , dk 	
Moreover, one has
k kjg 1 W ju f .Ž . Ž . Ž .Ý ž /j
j1
Ž . Ž .Hence, 2.3 and 2.5 imply for some 1 k  k0
     D g  C D W k u fŽ .p , d p , dk 0

 j C D W k u IW k u fŽ . Ž .Ž .Ýk 0 0
j1 p , d
 
k jk C  D W k u IW k u fŽ . Ž .Ž .Ý Ýk 0 0
j 1 j j1 k k1 p , d
2k1
2  1 k  C  IW k u fŽ .Ž .Ý Ý p , dk 0ž /j k uk 0j 1 j j1 k k1
1 k  C IW k u fŽ .Ž . p , dk 0'u
1
k ' C K f , u .Ž . p , dk 	'u
Ž .The inequality 2.6 follows from the last two estimates and the definition
of the K-functional.
Ž  . kŽ .On the other hand, it is known see 1, 6 that K f , t is equivalentp, d
Ž .to the modulus of smoothness  f , t , given byk p, d
k kj
 f , t  sup 1 f  jh .Ž . Ž . Ž .p , d Ýk ž /j½ 5d  j0ht , h	 p , d
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We conclude, therefore,
K k1 f , t  CK k f , t , 2.7Ž . Ž . Ž .p , d p , d
and for 1 j k,
K k f , t  CK j f , t . 2.8Ž . Ž . Ž .p , d p , d	 	
One other fact to be considered is
K j f , it  i2 jK j f , t ,  i	. 2.9Ž . Ž . Ž .p , d p , d	 	
In this paper we will use K-functionals instead of moduli of smoothness
to describe the approximation behavior. The following result can be found
 in 17 . For completeness we shall give a short proof.
THEOREM 2.1. For fixed d
 1, k
 1, and 1 p  there exists C 0
such that
C
2 dE f  E 	 f ,  f	W T ; 2.10Ž . Ž . Ž . Ž .p , d p , dn n p2n
1
k dE f  CK f , ,  f	 L T ; 2.11Ž . Ž . Ž .p , dn 	 pž /n p , d
2 k1k 2 k dK f , h  Ch n 1 E f ,  f	 L T .Ž . Ž . Ž . Ž .p , d p , dÝ	 n p
0n1h
2.12Ž .
Ž .   ŽProof. The second inequality of 2.1 and the estimate in 12 see
 . Ž . Ž .pages 197204 of 12 imply 2.12 , while 2.11 is a simply consequence of
Ž . Ž . Ž  .2.10 . Thus, we need only to show 2.10 . It is known see page 197 of 12
13Ž . Ž . Ž . Ž .that E f  CK f , . Thus, 2.1 implies E f n p , d p , d n p , dn
2  Cn 	 f . On the other hand, as for any T 	  there holdsp, d n n, d
Ž . Ž .E f  E f T , we conclude thatn p, d n n p, d
2  E f  Cn 	 f 	T , T 	  .Ž . p , d p , dn n n n , d
Assume T	  a best approximation of 	 f , so there exists a T 	 n n, d n n, d
such that 	T  c T with cH T. Hence, the fact that H	 f 0n n n
     Ž .implies c  H 	 f T  CE 	 f . Therefore,n n p, d
2   2E f  Cn 	 f 	T  Cn E 	 f ,Ž . Ž .p , d p , dp , dn n n
Ž .which gives 2.10 .
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Ž .For applications e.g., in computer-aided geometric design sometimes
one needs to know not only the distance between the approximation
polynomial and the function which is approximated, but the uniform
smoothness of this polynomial sequence in connection with this function as
 4 Ž  .well. For a best approximation sequence T of f one has see 17n
1 1
k k 	 T  C K f , .p , dn k 	2 k ž /nn p , d
The following result shows that, in fact, if the distance between an
approximation polynomial and the approximated function is bounded by a
K-functional then the uniform smoothness of this sequence can always be
estimated by this K-functional.
Ž d .  4THEOREM 2.2. Let f	 L T and the polynomial sequence T , T 	p n n
 satisfyn, d
1
k T  f  C K f , .p , dn k 	 ž /n p , d
Then there exists C  0 such that for j 1, . . . , k,k
1 1
j j 	 T  C K f , ,p , qn k 	2 j ž /nn p , d
and
K j T , t  C K j f , t .Ž . Ž . p , dp , d	 n k 	
    Proof. Let us first estimate D T with   2 j 1. Assuming Np, dn
to be such that 2 N  n 2 N1, we conclude from the assumptions in this
Ž . Ž .theorem, the Bernstein inequality, 2.8 , and 2.9 that
        ND T  D T  T  D T  TŽ . Ž .p , d p , d p , dn 0 1 2 n
N
 i i1 D T  TŽ .Ý p , d2 2
i1
N 1
iŽ2 j1. j C 2 K f ,Ý 	 iž /2 p , di1
N 2 j1 n 1
j iŽ2 j1. 2 j1 j CK f , 2  Cn K f , .Ý	 	iž /ž / ž /n n2p , d p , di1
Ž .  Ž . Combining the last estimate with 2.4 , we deduce, because of  t  t,
j1 1 1
j j   	 T  C IW T  K f , .p , d p , dn n 	2 j 2 ž /ž /½ 5ž / nn n p , d
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To get the first assertion we have to prove that the first term of the last
inequality on the right-hand side can be estimated by the second one. We
therefore write this term as
j1
IW Tn2ž /ž /n p , d
j j1 1
 IW T  f  IW f .Ž .n2 2ž / ž /ž / ž /n np , d p , d
Ž . Ž Ž .. Ž .By the boundedness of W t see 2.3 , the assumption, and 2.8 we get
j1 1
j IW T  f  C T  f  C K f , .Ž . p , dn j n k 	2 ž /ž /ž / nn p , dp , d
Ž .On the other hand, 2.5 tells us
j1 1
jIW f  CK f , .	2 ž /ž /ž / nn p , dp , d
In this way we obtain from the foregoing
1 1
j j 	 T  C K f , , j 1, . . . , k .p , dn k 	2 j ž /nn p , d
To show the second assertion we notice that if nt 1 then we get, with
Ž .the first assertion and 2.9 ,
j 2 j  j K T , t  t 	 TŽ . p , dp , d	 n n
12 j j j C tn K f ,  C K f , t .Ž . Ž . p , dk 	 k 	ž /n p , d
Ž .If tn 1, i.e., t 1n, we get from the assumption and 2.8 the estimate
K j T , t  K j T  f , t  K j f , tŽ . Ž . Ž . p , dp , d p , d	 n 	 n 	
  j T  f  K f , tŽ . p , dp , dn 	
1
j j j C K f ,  K f , t  C K f , t ,Ž . Ž .p , d p , dk 	 	 k 	ž /ž /n p , d
which verifies the second assertion of this theorem.
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3. THE LOWER ESTIMATES FOR LINEAR OPERATORS
AND THE PROOF OF THEOREM 1.2
If we consider the best approximation polynomials as operators of the
approximated function, then these operators are in general not linear.
There are, however, only a few cases for which one can get the exact form
of the best approximation polynomials. Thus, the linear method or the
linear operator approach is a good alternative for approximation by
polynomials; the linear positive method in particular has attracted special
interest in the past. In connection with the approximation degree for the
linear method one investigates, among other things, the Jackson type
Ž .estimate i.e., the upper bound of the approximation error , the inverse
 theorem, and the saturation phenomenon. We shall refer to 11, 12, 14 for
  Ž  .the detailed information concerning these subjects. In 8 see also 4, 9
we introduce a new technique. Using this technique we unify the above-
mentioned subjects for a large class of positive linear operators in one
form. In this way we obtain for example the best lower and upper
Ž  .estimates for the Bernstein operator see 9, 15 , which completely charac-
terizes the approximation behavior of this operator. For the positive
 convolution operators the following results generalize the theorems in 8
Ž  .see also 17 . To begin with let  be a positive kernel. The convolution
operator L defined by this  is
Lf f ,
Ž d . Ž d .which satisfies Lf 1 for f	 1 and Lf	 L T whenever f	 L T , 1p p
 p . We shall denote by  the kernel of L j, which is given byj
1 j Ž j1 .L  L and L f L L f .
1Ž d .THEOREM 3.1. Let there exist some j
 1 such that  	 C T andj
  2grad  tŽ .j2
  dt.H
d  tŽ .T j
Then for fixed k	 there exists a constant C  0, which does not dependk
Ž d .on 
 , such that for all f	 L T and 1 p ,p
k2 k1  K f , 
  C I L f .Ž . Ž . .p , d p , dk
 Proof. In 8 we proved that for d 1 one has
1
i ji N   D L f  f , i , N 1, 2, . . . .p , 1 p , 1i2 iN 
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 Without any additional difficulties one can use the method of 8 to show
 this inequality for d 1. Thus, for   i,
1
 ji N   D L f  f , i , N 1, 2, . . . . 3.1Ž .p , d p , di2 iN 

1Ž d .To verify the assertion of this theorem we observe that since  	 C Tj
ji iŽ d . Ž d . Žone has L f	W T whenever f	 L T . Let us denote L  I Ip p k
j.k 2 k1 2 k1Ž d . Ž d . L . Thus the above imply L f	W T whenever f	 L T .k p p
On the other hand, the definition of the K-functional tells us
2 k1  2 k1  2 k1   2 k1 K f , 
  f L f  
 sup D L f .Ž . p , d p , d p , dk k
  2 k1
3.2Ž .
Clearly,
k2 k1   f L f  C I L f . 3.3Ž . Ž .p , d p , dk k , j
Ž .To estimate the second term of the right-hand side of 3.2 , we use the fact
2 k1 jl Ž .that L is a linear combination of L with l 2k 1, . . . , k 2k 1 .k
We can therefore replace L 2 k1 with L jŽ2 k1. and estimatek
  jŽ2 k1. D L f asp, d

 jŽ2 k1.  jl j D L f  D L I L fŽ .Ýp , d
l2 k1 p , d
 
k jl jk  D L I L fŽ .Ý Ý
l 2 k1 l l1 k k1 p , d 3.4Ž .
  1kj  I L f Ž . Ý Ýp , d 2 k1 Ž2 k1.2
 lkl 1 l l1 k k1
k2 k1   C 
 I L f ,Ž . p , dk
Ž .where we have used 3.1 to get the first inequality. The assertion then
Ž . Ž .follows from 3.2  3.4 .
Let us now use this result to get the best lower and upper estimates in
kŽ .terms of K f , h , if the kernel  satisfies some additional conditions.	 p, d
THEOREM 3.2. Let the condition of Theorem 3.1 be fulfilled. If there
exists some constant A 0 such that for all trigonometric polynomials T ofn
 14degree max 1, 
 and 1 p ,
3  ˜    T  LT   
 	T  A
 sup D D T 3.5Ž . Ž .p , d p , dn n n n
  3
KNOOP AND ZHOU158
Ž . 2with  
  
 , then there hold for some C  0, which does not depend onk

 , the inequalities
k1 k k C K f , 
  I L f  C K f , 
 ,Ž . Ž . Ž .p , d p , dp , dk 	 k 	
 f	 L T d . 3.6Ž . Ž .p
Ž . Ž .Proof. We may assume 
 1. It follows from 1.1 and 3.5 for
n 
1 that
2  ˜    T  LT  C
 sup D D T .p , dn n n
  2
Ž .By using induction we conclude from the above estimate and 3.5 that for
n 
1,
k k k 2 k1  ˜   I L T   
 	 T  C 
 sup D D T ,Ž . Ž . p , d p , dn n k n
  2 k1
T 	  . 3.7Ž .n n , d
Ž .Let us verify the second inequality of 3.6 . On the other hand, it is clear
that according to the definition of the K-functional we only need to show
2 kŽ d .that for f	W T ,p
k 2 k k   I L f  C
 	 f . 3.8Ž . Ž .p , d p , d
To this end, choose n such that 
 1n 2
 and let T be a bestn
Ž .approximation polynomial of f. Thus, 2.10 of Theorem 2.1 implies
  2 k  k f T  C
 	 f .p , d p , dn
 k   k  Ž .On the other hand, as 	 T  C 	 f see Theorem 2.2 , wep, d p, dn
Ž .obtain, by using 3.7 ,
k k k     I L f  I L f T  I L TŽ . Ž . Ž . Ž .p , d p , d p , dn n
2 k k 2 k1  ˜     C
 	 f  C
 sup D D T .p , d p , dn
  2 k1
Ž .The inequality 1.4 of Theorem 1.1 tells us that sup 
 2 k1
 ˜  k   D D T can be estimated by Cn 	 T , which is bounded byp, d p, dn n
 k Cn 	 f due to Theorem 2.2.p, d
Ž .To show the first inequality of 3.6 we apply the operator L defined ink
the proof of Theorem 3.1 to obtain
k  2 k1  2 k  k 2 k1 K f , 
  f L f  
 	 L fŽ . p , d p , d p , d	 k k
k 2 k k      C I L f  f T  
 	 T ,Ž . p , d p , d p , dž /n n
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where T is as above. Theorems 2.1 and 3.1 yieldn
k2 k1   f T  CK f , 
  C I L f ,Ž . Ž .p , dp , d p , dn
Ž .while 3.7 and the above estimate imply
k2 k k 2 k1  ˜     
 	 T  C I L T  
 sup D D TŽ .p , d p , d p , dn n nž /
  2 k1
k 2 k1  ˜    C I L f  
 sup D D T .Ž . p , d p , dnž /
  2 k1
We then apply Theorem 1.1 to obtain from the last estimate
k2 k k 2 k1      
 	 T  C I L f  
 sup D T .Ž .p , d p , d p , dn nž /
  2 k1
It remains to show that
k2 k1    
 D T  C I L f .Ž .p , d p , dn
To this end, we use first the Bernstein inequality to get
2 k1    2 k1   2 k1    2 k1 
 D T  C
 D T  L T  D L TŽ .Ž .p , d p , d p , dn n k n k n
k 2 k1  2 k1    C I L T  
 D L T .Ž . p , d p , dž /n k n
Ž Ž ..Moreover, the approach in the proof of Theorem 3.1 see 3.4 tells us
k2 k1  2 k1   
 D L T  C I L T .Ž .p , d p , dk n n
It follows from the last two estimates that
k2 k1    
 D T  C I L TŽ .p , d p , dn n
k k    C I L T  f  C I L fŽ . Ž . Ž .p , d p , dn
k    C T  f  C I L fŽ . Ž .p , d p , dn
k  C I L f .Ž . p , d
This finishes the proof of this theorem.
It is clear that Theorem 3.2 involves the Jackson inequality, the inverse
theorem, and the characterization of saturation. In many cases the quan-
tity 
 2 in Theorems 3.1 and 3.2 is equivalent to the second moment of the
 operator L. In 3 one may find many operators which satisfy the condi-
tions of these theorems. Let us now verify Theorem 1.2.
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Proof of Theorem 1.2. In view of Theorems 3.1 and 3.2, the only things
Ž .we have to do are the calculation of 
 for K say 
 instead of  andn, r n j
Ž .the check of 3.5 for I . For the quantity 
 we haven, r n
  2grad K tŽ .n , r2 2
  dt n . 3.9Ž .Hn
d K tŽ .T n , r
Indeed, by the definition we obtain
   2 k tŽ .n , r2
  2 d dt .Hn k tŽ .0 n , r
2  The last integral is equivalent to n as shown in 8 .
Ž .The check of 3.5 for I will be done in two cases, namely, r
 3 andn, r
r 2. The case r
 3 is simple. In fact, using Taylor’s formula and
3Ž d .straightforward calculation, we conclude that for g	W T there holdsp
  3   g I g C 	 g  Cn sup D g , 3.10Ž .p , d p , dn , r n
  3
  2where C  n .n
It remains to show the case r 2. We have the following assertion:
there holds for all 1 p  and T 	  with m 
1 the estimatem m , d n
3  ˜    T  I T  C 	T  Cn sup D D T , 3.11Ž .p , d p , dm n , 2 m n m m
  3
  2 Ž .where C  n . The proof of 3.11 is involved. To begin with, wen
 consider m n. In 5 we show that for d 1 one has
 ˜ ˜J T  T  C T  C T  C T , T 	  ,n , 2 n n n n 2, n n 3, n n n n , 1
  2   3   3where C  n , C  n , and C  n . Hence, in  we haven 2, n 3, n n, 1
2 ˜ ˜3J  I C D  C D C D .n , 2 n 2, n 3, n
Therefore, in  we may write I asn, d n, 2
d
2 3˜ ˜I  I C D  C D  C DŁ ž /n , 2 n i 2, n i 3, n i
i1
d
˜ I C 	 C DÝn 2, n iž /
i1
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2 ˜ ˜ C D D  R D ,Ž .Ý2, n i j
ij , 1i , jd
where
 j ˜  jR D  a D D ,Ž . Ý j , n
d1j4
    j j   with a  Cn and 3     3d. Hence, we conclude fromj, n j j
the Bernstein inequality that for any T 	  ,n n, d
3  ˜    R D T  C n sup D D T .Ž . p , d p , dn d n
  3
Moreover,
2 ˜ ˜ C D D TÝ p , d2, n i j n
ij , 1i , jd
3 ˜  Cn sup D T .p , di n
i
˜ k  jTo estimate D T let k be such that n2 2  n and let T be ap, di n 2
best approximation polynomial of T . Now the Bernstein inequality andn
Ž Ž ..Theorem 2.1 see 2.6 tell us that
k
˜ ˜ ˜ ˜ ˜     j j1 kD T  D T D T  D T D TÝp , d p , d p , di n i 2 i 2 i n i 2
j1
˜ ˜  D T D T p , di 1 i 0
k 1
j 3   C 2 K T ,  C sup D T .Ý p , dn njž /2 p , d   3j1
Ž .The above calculation implies 3.11 for m n. To relax the restriction
m n we notice that 
1  cn for some c 0. Thus, we need only dealn
Ž . Ž .with nm cn for 3.11 and show that for such m 3.11 is still true. To
this end, let T	  be a best approximation polynomial of T 	  .n n, d m m , d
Ž .We then use the fact that 3.11 is true for m n and Theorem 2.1 to
obtain
 T  I T  C 	T p , dm n , 2 m n m
     3    T  I T  C 	T  Cn sup D Tp , d p , dn n , 2 n n n m
  3
3  ˜    ˜     Cn sup D D T  T  sup D D TŽ . p , d p , dm n mž /
    3  3
3  ˜   Cn sup D D T .p , dm
  3
Ž . Ž .Having 3.9  3.11 , we apply Theorems 3.1 and 3.2 to finish the proof.
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